Abstract. Let E be an elliptic curve defined over a number field K where p splits completely. Suppose that E has good reduction at all primes above p. Generalizing previous works of Kobayashi and Sprung, we define multiply signed Selmer groups over the cyclotomic Zp-extension of a finite extension F of K where p is unramified. Under the hypothesis that the Pontryagin duals of these Selmer groups are torsion over the corresponding Iwasawa algebra, we show that the Mordell-Weil ranks of E over a subextension of the cyclotomic Zp-extension are bounded. Furthermore, we derive an aysmptotic formula of the growth of the p-parts of the Tate-Shafarevich groups of E over these extensions.
Introduction
Let p be a fixed odd prime number and K ⊂ F be number fields. Let Σ ′ p and Σ p be the sets of primes of K and F above p respectively. Throughout this article, we fix an elliptic curve E/K which has good reduction at all primes of Σ (S1) The prime p splits completely in K/Q and is unramified in F/Q; (S2) The set Σ ′ ss is non-empty.
Denote by K ∞ the cyclotomic Z p -extension of K. For n ≥ 0, let K n denote the unique sub-extension of K ∞ /K with [K n : K] = p n . Similarly, we write F ∞ for the cyclotomic Z p -extension of F and F n for the unique sub-extension of F ∞ /F with [F n : F ] = p n . In view of assumption (S1), we have K ∞ ∩ F n = K n for every n. For each w ∈ Σ p , the unique place of F ∞ lying above w will again be denoted by w. For each w ∈ Σ ss , we define two local conditions E ♯ (F ∞,w ) and E ♭ (F ∞,w ), generalizing works of Kobayashi [Kob03] and Sprung [Spr12] . This allows us to define 2 |Σss| multiply signed Selmer groups Sel s (E/F ∞ ), one for each choice of s = (s w ) w∈Σss , where s w ∈ {♯, ♭}. Our construction is carried out in §2. In the main body of the article, we will introduce an additional hypothesis affirming that the Pontryagin duals of these Selmer groups are Λ-torsion (labelled (S3)). We shall write µ s and λ s for the µ-and λ-invariants of Sel s (E/F ∞ ) ∨ .
Our first result is a uniform bound on the Mordell-Weil ranks of E over F n as n grows.
Theorem A. Under hypotheses (S1)-(S3), rank Z E(F n ) is bounded independently of n.
When F/Q is an abelian extension, one may obtain this result using Kato's Euler system from [Kat04] (together with the non-vanishing of the L-values of E proved by Rohrlich [Roh88] ). Our method does not assume the existence of an Euler system and relies on the cotorsionness of the multiply signed Selmer groups instead. See also [Kob03,  ′ ss , the formula of Theorem B simplifies to e (X p (E/F n )) − e (X p (E/F n−1 )) =
where ⋆ denotes the constant vector (⋆) w∈Σss for ⋆ ∈ {♯, ♭}.
If furthermore Σ p = Σ ss , the term v∈Σss [F v : Q p ] becomes [F : Q]. In this case, under certain hypotheses on the vanishing of the Mordell-Weil ranks and the behaviour of X p (E/F ), Iovita and Pollack [IP06, Theorem 5 .1] showed that the quantities [F : Q](p n−1 − p n−2 + · · · ) describe precisely the growth of the Tate-Shafarevich groups of E over finite extensions inside a Z p -extension of F (which is not necessarily cyclotomic). It would be interesting to study whether our techniques can be extended to the setting of [IP06] , which may allow us to relax some of the hypotheses in loc. cit. We plan to study this in the near future.
The structure of the paper is as follows. In §2, we review the local theory of Coleman maps and logarithmic matrices for elliptic curves with supersingular reduction at w ∈ Σ ss . This allows us to define the multiply signed Selmer groups. Along the way, we prove a result on the image of the direct sum of two Coleman maps (Proposition 2.2), which may be of independent interest. After giving the definition of multiply signed Selmer groups, we prove a number of results on the structure of global cohomology groups under the hypothesis that these Selmer groups are cotorsion. In §3, we first review the definition of Kobayashi ranks on projective systems of Z p -modules. We then prove a number of preliminary results on Kobayashi ranks of certain modules that will be used later on in the article. In §4, we make the link between Coleman maps and Kobayashi ranks and explain how this allows us to study the growth of certain local modules. We treat the ordinary and supersingular cases separately. Our treatment in the supersingular case follows closely [Spr13, LLZ17] . Finally, we put everything together to prove Theorems A and B in §5.
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1.1. Notation. Throughout this article, T denotes the p-adic Tate module of E.
The Galois groups of F ∞ /F and F ∞ /F n are denoted by Γ and Γ n respectively. We fix once and for all a topological general γ of Γ. Recall from our earlier discussion that we write the unique prime of F ∞ above a prime w ∈ Σ p by w as well. In particular, it follows that F ∞,w is the cyclotomic Z p -extension of F w with F n,w as its immediate subfields. Therefore, we may and will identify the Galois groups of F ∞,w /F w and F ∞,w /F n,w with Γ and Γ n respectively. Let Λ denote the Iwasawa algebra Z p [[Γ]], which we shall identify with the power series ring Z p [[X]] by sending γ − 1 to X.
We write H for the ring of distribution algebra on Γ, which can be realized as the set of power series in Q p [[X] ] that converge on the open unit disc. Let G be an element in Λ or H. We shall identify it with a power series in Q p [[X]] (which will again be denoted by G). Given a character θ on Γ, we evaluate G at θ via G(θ) = G(θ(γ) − 1).
Given a ring O that contains Z p , we shall write Λ O for the tensor product Λ ⊗ Zp O. We may evaluate an element of Λ O at a character of Γ as before.
For all integers n ≥ 1, we write ω n = (1 + X) p n − 1 and Φ n = ω n /ω n−1 (with ω 0 = X). We let Λ n denote the quotient Λ/(ω n ) = Λ Γn . Furthermore, we fix a primitive p n -th root of unity ζ p n and write ǫ n = ζ p n − 1. We shall also assume that the primitive roots of unity are chosen such that ζ p p n+1 = ζ p n .
Multiply signed Selmer groups
Throughout this section, we fix a prime v ∈ Σ ′ p and a prime w ∈ Σ p lying above v. By (S1), we may identify K v with Q p and F w with a finite unramified extension of Q p . Let O w denote the ring of integers of F w .
2.1. Coleman maps at supersingular primes. In this subsection, we shall further assume that w ∈ Σ ss . We then write 
By [Spr17, Lemma 4.4] (see also [Lei17, Theorem 1.5]), the matrices M v,n converge to a 2 × 2 matrix over H as n → ∞. We then define
, where the connecting maps are corestrictions.
where 
is injective. The required conclusion now follows from this and the local Tate duality.
Proof. By [LLZ11, Corollary 5.3 and Theorem 5.10], we have the inclustion
with finite index. By Nakayama's Lemma and the surjectivity of the corestriction maps as given by Lemma 2.1, it is enough to show that
Let us recall that
.5] for example). Thus, on combining (2.2) and (2.4), we have
. This in turn implies that
where we note that
On the other hand, it follows from [Ber02, Proposition II.1] that the map 
Combining (2.6) and (2.7) yields Im(Col ♭,v ) Γ = Z p . This, together with (2.5) allow us to deduce (2.3).
After tensoring by O w , we have similarly
where L w is the Perrin-Riou map from 
to be the orthogonal complement of ker Col •,w under the local Tate pairing. We shall write
.
Similarly, if v ∈ Σ p , we write
Let s = (s w ) w∈Σss ∈ {♭, ♯} Σss , we define the signed Selmer group of E over F ∞ by
where the last product runs through all primes of
It is well-known that Sel
p ∞ (E/F ∞ ) is cofinitely generated over Λ (cf. [Man71, Theorem 4.5]). Thus, so is Sel s (E/F ∞ ).
Conjecture 2.4. For all choices of s, the Selmer group
For the rest of the article, we assume that the following hypothesis holds:
(S3) Conjecture 2.4 holds.
Definition 2.5. We write µ s and λ s for the µ-and λ-invariants of the torsion Λ-module Sel
When the elliptic curve E has good ordinary reduction at all primes above p, the above conjecture is precisely Mazur's conjecture [Maz72] which is known to valid in the case when E is defined over Q and F an abelian extension of Q (see [Kat04] ). For an elliptic curve over Q with good supersingular reduction at p, this conjecture was established by Kobayashi (cf. [Kob03] ; also see [BL17] for some recent progress on this conjecture).
Structures of global cohomologies.
In this section, we record certain consequences of Conjecture 2.4, which will be utilized in subsequent of the paper. From now on, let Σ denote a fixed finite set of primes of F containing those above p, the ramified primes of F/K and all the bad reduction primes of E. Write F Σ for the maximal algebraic extension of F which is unramified outside Σ. For any (possibly infinite) extension
The signed Selmer group of E over F ∞ can then be equivalently defined by
We also write 
Proof. We shall prove the second assertion, the first having a similar argument. By considering the low degree terms of the spectral sequence of Jannsen
, we obtain the following exact sequence
By the proof of Lemma 2.1, 
is exact.
Proof. To simplify notations, we write J w (E/F ∞ ) for each of the local summand. By [PR95, Proposition A.3.2], we have an exact sequence 
It is now clear from these formulas and the above exact sequence that Sel Proof. It follows from the hypothesis and Proposition 2.7 that
Also, as seen in the proof of Lemma 2.6, we have E(F ∞ )[p ∞ ] = 0. Taking these into account, the spectral sequence of Jannsen Ext
and Definition 3.1. Let (M n ) n≥1 be a projective system of finitely generated Z p -modules with the connecting maps π n : M n → M n−1 . If the kernel and the cokernel of π n are both finite, we define
We mention two important observations which will be used in the subsequent of the paper. Firstly, for a given projective system (M n ) n≥1 of finitely generated Z p -modules, rank Zp M n is bounded independent of n if and only if ∇M n is defined for n ≫ 0. Secondly, in the event that (M n ) n≥1 is a projective system of finite Z p -modules, we have ∇M n = e(M n ) − e(M n−1 ).
We now review further important properties of Kobayashi ranks that we shall need later.
Proposition 3.2. Let n ≥ 1 be an integer.
(a) Let f ∈ Λ. Suppose that Φ n ∤ f and write f = gh, where h = gcd(ω n−1 , f ).
) has finite kernel with length Zp ker π = ord ǫn g(ǫ n ).
In particular,
∇Λ/(f, ω n ) = ord ǫn g(ǫ n ) + ord ǫn h(ǫ n ) = ord ǫn f (ǫ n ). (b) Suppose that M is a finitely generated torsion Λ-module and that f is a characteristic element of M .
Then ∇M Γn is defined and equals
Proof. This is [Kob03, Lemma 10.5].
We shall need a slightly more general version of part (a) of this proposition, which can be proved in exactly the same way. 
) has finite kernel with
In particular,
We shall also need the following lemma on how Kobayashi ranks behave under short exact sequences.
Lemma 3.4. Suppose we have a short exact sequence of inverse systems
Proof. This is [Kob03, Lemma 10.4 i)].
We record the following lemma, which will be useful later.
Lemma 3.5. Let M be a finitely generated Λ-module. Then M δ := ∪ n M Γn is finitely generated as a Z p -module and there exists an integer n 0 such that
In particular, ∇M Γn = 0 for n ≫ 0, where the transition maps M Γn+1 −→ M Γn are given by multiplication by 1 + γ n + · · · γ p n with γ n being a topological generator of Γ n chosen so that γ p n = γ n+1 .
Proof. The first assertion of the lemma follows from [NSW08, Lemma 5.3.14(i)]. As a result, there exists n 0 such that M Γn = M Γn 0 is finitely generated over Z p for n ≥ n 0 . It then follows that the transition map M Γn+1 −→ M Γn coincides with the multiplication by p-map for n ≫ 0. The lemma now follows from [Kob03, Lemma 10.4(ii)].
Similar to [Kob03, §10], we consider the following groups
where H 1 /f (F n,w , T ) denotes the quotient
E(Fn,w)⊗Zp . As we shall see in §5, one of the key ingredients of studying the growth of rank Z E(F n ) and X p (E/F n ) is to understand ∇Y(E/F n ). We end this section by the following generalization of [Kob03, Proposition 10.6 i)].
Proposition 3.6. Suppose that (S1) and (S2) are valid. Then for n ≫ 0, we have
Proof. For each n, we have the following commutative diagram
which upon taking limit induces an isomorphism
where here Λ ι is Λ as a Z p -module on which γ ∈ Γ acts via multiplication by γ −1 .
Write γ n for a topological generator of Γ n which is chosen so that γ p n = γ n+1 . Taking G Σ (F )-cohomology in the short exact sequence
yields the following long exact sequence
Iw (F ∞ , T ), which in turn yields the following short exact sequence
Furthermore, the commutative diagram
with exact rows.
For each n, we also have the following commutative diagram
and the following commutative diagram
This gives the commutative diagram
Applying the snake lemma to the following commutative diagram
Denote by Z ′ n and Z ′′ n the kernel and image of ∂ n . It is straightforward to check that the preceding diagram is compatible in n, going from n to n + 1. By Lemma 3.5,
Γn stabilizes for n ≫ 0 and so one has
δ is finitely generated over Z p , it follows from the Noetherian property that Z ′ n stabilizes for n ≫ 0. Hence so does Z ′′ n . Now going from n + 1 to n, it follows from Lemma 3.5 that the transition maps on
Γn is given by multiplication of p for n ≫ 0. Therefore, the transition maps on Z ′ n is given by p for n ≫ 0, and hence the same can be said for Z ′′ n . We may now apply [Kob03, Lemma 10.4(ii)] to conclude that ∇Z ′′ n = 0 for n ≫ 0. Consequently, we have ∇Y ′ (E/F n ) = ∇Y(E/F n ) for n ≫ 0 and this finishes the proof of the proposition.
Local analysis via Coleman maps
As remarked in the previous section, we shall need to understand the growth of Y(E/F n ), or equivalently, the growth of Y ′ (E/F n ) thanks to Proposition 3.6. We shall study the image of H 1 Iw (F ∞ , T ) in the quotient H 1 /f (F n,w , T ), where w ∈ Σ ss , via Coleman maps. We shall consider the supersingular case and the ordinary case separately.
4.1. The supersingular case. Throughout this section. We fix w ∈ Σ ss , which lies above v ∈ Σ ′ ss . We shall write σ w for the Frobenius element of Gal(F w /K v ). For n ≥ 1, we define
where the matrices C v,i are defined as in (2.1). We write H ♯ v,n and H ♭ v,n for the entries of the first row of the matrix H v,n . Then we see that H v,n is of the form
Iw (F w , T ) and θ a character on Γ of conductor p n+1 > 1 (so that it factors through Γ n but not Γ n−1 ). Let e θ denote the idempotent associated to θ. Then the image of z in e θ · H 1 /f (F n,w , T ) is zero if and only if
Proof. This is proven in [LS19, Proposition 5.1]. 
which makes sense thanks to Proposition 2.2). We define
Col
proof of Proposition 3.11]). In fact, one can do better and this is the content of the next lemma.
Lemma 4.3. Let n ≥ 1. We have:
with finite cokernel. In particular, it is an isomorphism after tensoring by Q p .
Proof. We can calculate explicitly that det(H v,n ) = ω n /X. Thus, (4.1) tells us that 
Then one has ker π ∼ = ker π ′ as Z p -modules.
Proof. We abuse notation writing Col u w,n for the map
defined by Col u w,n mod ω n−1 . Consider the following commutative diagram:
Recall from Lemma 2.1 that π is surjective. The snake lemma then gives the following short exact sequence:
Therefore, the corollary would follow from showing that ker π ′′ is trivial. Lemma 4.3(a) tells us that (F n,w , T ) . Suppose that the natural projection
has finite kernel for some n. Then,
Let Col u w,n (z) = g w h w , where h w = gcd(ω n−1 , f w ). We deduce from Lemma 4.3(b) and Proposition 3.3 that
Applying Corollary 4.4, we have
Thus, putting everything together, we conclude that
as required.
We now explain how to calculate ord ǫn Col 
Proposition 4.6. Let v ∈ Σ ′ ss and write r v = ord p (a v ) ∈ {1, ∞} (thanks to the Weil's bound). For all n ≥ 1,
where δ(w, n) ∈ {♯, ♭} depends on the parity of n once w is fixed.
Proof. This is a special case of [LLZ17, Proposition 4.6 and Corollary 4.8] 1 (with k = 2 and v in loc. cit. is taken to be r v here).
Remark 4.7. If a v = 0, then for all z, δ(w, n) = ♭ if n is odd, ♯ if n is even.
4.2. The ordinary case. We suppose in this section that v ∈ Σ ′ ord . We have a short exact sequence
where E v (resp., E v ) is the formal group (resp., reduced curve) of E at K v . Furthermore, [CG96, Corollary 3.2] tells us that
, and so we have
In what follows, we write T and T for the p-adic Tate module of E and E respectively.
Proof. The main theorem of [Ima75] says that
On the other hand, local duality tells us that
∨ and hence the finiteness of H 
֒→ Λ with finite cokernel. By an abuse notation, we shall write Col v for the composition above. Note that for n ≫ 0, we have a short exact sequence
for some finite group B that is independent of n.
Recall that
We have the following diagram 1 There is a small typo in the statement of [LLZ17, Proposition 4.6] when n is odd.
Proofs of the main results
Throughout this section, we assume that (S1) − (S3 
By Proposition 2.2 and the pseudo-surjectivity of Col w for w ∈ Σ ord (see the discussion in §4.2),
implies that the kernel of the first map in (5.2) is Λ-torsion. But the Λ-module of H 1 Iw (F ∞ , T ) is torsion-free by Lemma 2.6. Consequently, the aforementioned kernel is trivial. This implies that ker loc p = 0.
There exist a family of elements c w ∈ R w , w ∈ Σ p so that the quotient
Proof. The injectivity of Lemma 5.1 tells us that we have a direct sum of Λ-modules w∈Σp R w inside H 1 Iw (F w,∞ , T ). Furthermore, R w is a Λ Ow -module of rank at most 1 (since H 1 Iw (F ∞,w , T ) is of rank d over Λ). The proof of Lemma 5.1 tells us that for each w ∈ Σ p , the cokernel of the composition
is Λ-torsion (where the second map is given by either Col ♭,w or Col w depending on whether w ∈ Σ ss or w ∈ Σ ord ). Thus, the Λ Ow -rank of R w cannot be zero. Thus, we may pick c w ∈ R w so that R w /Λ Ow c w is Λ Ow -torsion. The direct sum w∈Σp Λ Ow c w is then a Λ-module of rank d as required.
We fix a choice of c w , w ∈ Σ p as given by Proposition 5.2. We write M c for the Λ-module w∈Σp Λ Ow c w .
is an isomorphism via a Hochschild-Serre spectral sequence argument. Hence it suffices to show that the rightmost map has finite kernel which is bounded independent of n. For primes not dividing p, this is discussed in [Gre99, Lemma 3.3]. It therefore remains to consider the primes above p. Let w be such a prime. Then the kernel of the restriction map
by the Hochschild-Serre spectral sequence. Since our elliptic curve is assumed to have good reduction at all primes above p, the main theorem of [Ima75] says that E(F ∞,w )[p ∞ ] is finite. The finiteness and boundedness of the kernel now follow. This completes the proof of the lemma.
Lemma 5.8. For n ≥ 0:
(a) We have a short exact sequence
(b) For n ≫ 0, ∇X 0 (E/F n ) is defined satisfying the equality
Proof. Part (a) is a consequence of the Poitou-Tate exact sequence. See [Kob03, (10.35) ].
Again by the Poitou-Tate exact sequence, the cokernel of the last map in (5.2) is isomorphic to X 0 (E/F ∞ ). This implies that X 0 (E/F ∞ ) is Λ-torsion. By Lemma 5.7, the kernel and cokernel of the natural map
are finite and bounded independent of n. Part (b) now follows from combining the latter observation with Proposition 3.2(b) (see [Kob03, Proposition 10.6ii)] for the proof when F = Q).
We are now ready to prove the main theorems of the paper.
Theorem 5.9. Under hypotheses (S1)-(S3), we have (A) rank Z E(F n ) is bounded independently of n; (B) Suppose that X p (E/F n ) is finite for all n ≥ 0. Let r ∞ = lim n→∞ rank Z E(F n ). Then, for n ≫ 0, we have ∇ n X p (E/F n ) = S( σ, n) + φ(p n )µ σ + λ σ − r ∞ if n is odd,
Proof. Corollary 5.5 tells us that rank Zp Y ′ (E/F n ) is bounded independently of n. Thus, the same is true for Y(E/F n ) thanks to Proposition 3.6. Also, rank Zp X 0 (E/F n ) is bounded independently of n by Lemma 5.8(b). Thus, by the short exact sequence in Lemma 5.8(a), we have that rank Zp X (E/F n ) is bounded independently of n. Hence, part (A) now follows from the well-known exact sequence
By Lemma 3.4, the short exact sequence (5.4) implies that
Part (A) tells us that ∇E(F n ) = r ∞ for n ≫ 0. It remains to calculate X (E/F n ).
Let s ∈ {♯, ♭} Σss . On replacing ♯ in the Poitou-Tate exact sequence (5.2) by s, we have the exact sequence
Taking Γ n -invariant, we obtain a six terms exact sequence
Note that H 1 (Γ n , −) = (−) Γn and one can easily verify that the transition maps on these terms are given by multiplication by 1 + γ n + · · · + γ p−1 n . We may therefore apply Lemma 3.5 to conclude that the Kobayashi ranks of the leftmost three terms vanish for n ≫ 0. Lemma 3.4 thus implies the equality Combining this with Lemma 5.8, Proposition 3.6 and Corollary 5.5, we deduce that ∇X (E/F n ) = S( σ, n) + φ(p n )µ σ + λ σ if n is odd, T ( τ , n) + φ(p n )µ τ + λ τ if n is even.
Hence the result.
